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Equation (416.00') in reference [2] and equations (416.00) to (419.00) in reference 
[1] do not contain this term and should be changed. 
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On Davis' Method of Estimating Quadrature 
Errors 

By Y. T. Lo, S. W. Lee, and B. Sun 

In quadrature method the error is traditionally estimated in terms of the 
high derivatives of the integrand. The drawbacks of this method are well known. 
Some ten years ago, Davis [1], Davis and Rabinowitz [2] introduced an interesting 
new method in estimating the error for analytic functions in terms of their norms. 
Briefly, for any function f(z) belonging to L2(&p), where g, is a region in the com- 
plex z-plane, bounded by an ellipse with foci at (-1, 0) and (1, 0), the error E 
associated with the quadrature 

+1 N 

(1) L f(x) dx E akf(Xk) + E(f) 
k-O 

is bounded by 

(2) | E(f) I I as| f I|E I 

In the above relation, 

11 f II&P = [f I f(Z) 12 dx dyI 

and a, depends only orn the ellipse 8, and the quadrature rule R. 
Davis and Rabinowitz [2] have given a short table of aR for a few commonly 

used quadrature rules and various values of the semi-major axis a. To test their 
results, we have assumed for f a simple trigonometric function whose integral can be 
easily evaluated and computed. By comparing this with those obtained by various 
quadratures it turns out that the actual errors are larger than the bound aRIJ f Ip* . 
Thus it leads us to believe that their tabulated values of aR are in error. In a private 
communication, Davis agreed with us and encouraged us to recompute their table. 
Recently we completed this task. The results are tabulated below, where a few more 
cases and a wider range in semi-major axis a are included. To our disappointment, 
it is found that these values are much greater than theirs, nearly by a factor of 4. 
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This suggests that they might have made an error on the scaling factor. The fact 
that they do not differ exactly by a factor of 4 for all values seems to be attributed to 
the truncation error in the infinite series used for evaluating a. The numbers in 
this table are expressed in floating decimals with the last two digits and sign referred 
to the exponent of 10; e.g., as a = 1.0001, av = 0.4920 X 104 for the- trapezoidal 
rule. 
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Value of aR 

a Trapezoidal Simpson Weddle Gauss 2 pt. Gauss 3 pt, 

1.0001 .4920 +04 .1640 +04 .4925 +03 .5369 +02 .4705 +02 
1.0005 .9837 +03 .3279 +03 .9883 4.02 .2367 +02 .2057 +02 
1.0010 .4915 +03 .1638 403 .4956 +02 o1655 +02 .1429 +02 
1.0050 .9779 +02 .3259 +02 .9998 +01 .7020 +01 .5850 +01 
1.0100 .4860 +02 .1619 +02 4944 +01 .4733 +01 .3805 +01 
1.0200 .2403 +02 .7979 +01 .2334 +01 .3084 +01 .2316 +01 
1.0300 .1585 +02 .5233 +01 .1434 +01 .2333 +01 .1643 +01 
1.0400 .1176 +02 .3853 +01 .9795 +00 .1878 +01 .1246 +01 
1.0500 .9315 +01 .3020 401 .7095 +00 .1564 +01 .9809 +00 
1.1000 .4440 +01 .1336 +01 .2127 +00 .7956 +00 .3937 *00 
1.1500 .2825 4.01 ..7739 +00 .8727 -01 .4842 +00 .1984 +00 
1.2000 .2023 +01 .5019 +00 .4179 -01 .3213 +00 .1122 +00 
1.2500 .1546 +01 .3472 +00 .2207 -01 .2251 +00 .6832 -01 
1.3000 .1230 +01 .2509 +00 .1250 -01 .1639 +00 .4385 -01 
1.3500 .1007 +01 .1871 +00 .7460 -02 .1228 +00 .2930 -01 
1.4000 .8417 +00 .1429 +00 .4645 -02 .9417 -01 .2022 -01 
1.4500 .7151 +00 .1114 +00 .2994 -02 .7358 -01 .1432 -01 
1.5000 .6154 +00 .8829 -01 .1987 -02 .5841 -01 .1036 -01 
1.5500 .5352 +00 .7095 -01 .1352 -02 .4700 -01 .7647 -02 
1.6000 .4697 +00 .5770 -01 .9408 -03 .3826 -01 .5734 -02 
1.6500 .4153 +00 .4742 -01 .6673 -03 .3147 -01 .4363 -02 
1.7000 .3696 +00 .3934 -01 .4815 -03 o.2613 -01 .3362 -02 
1.7500 .3308 +00 .3291 -01 .3529 -03 .2187 -01 .2621 -02 
1.8000 .2977 +00 .2774 -01 .2624 -03 .1844 -01 .2064 -02 
1.8500 .2690 +00 .2354 -01 .1976 -03 .1565 -01 .1641 -02 
1.9000 .2442 +00 .2010 -01 .1505 -03 .1337 -01 .1316 -02 
1.9500 .2224 +00 .1726 -01 .1160 -03 .1148 -01 .1064 -02 
2.0000 .2033 +00 .1490 -01 .9027 -04 .9915 -02 .8662 -03 
2.0500 .1865 +00 .1292 -01 .7092 -04 .8602 -02 .7101 -03 
2.1000 .1715 400 .1126 -01 .5622 -04 .7497 -02 .5857 -03 
2.1500 .1581 +00 .9853 -02 .4493 -04 .6561 -02 .4860 -03 
2.2000 .1461 +00 .8656 -02 .3618 -04 .5764 -02 .4054 -03 
2.2500 .1354 +00 .7632 -02 .2935 -04 .5083 -02 .3400 -03 
2.3000 .1257 +00 .6752 -02 .2398 -04 .4497 -02 .2864 -03 
2.3500 .1170 +00 .5993 -02 .1971 -04 .3992 -02 .2424 -03 
2.4000 .1090 +00 .5336 -02 .1630 -04 .3555 -02 .2061 -03 
2.4500 .1018 +00 .4765 -02 .1356 -04 .3174 -02 .1759 -03 
2.5000 .9525 -01 .4266 -02 .1134 -04 .2843 -02 .1507 -03 
2.5500 .8925 -01 .3830 -02 .9536 -05 .2552 -02 .1296 -03 
2.6000 .8375 -01 .3447 -02 .8056 -05 .2297 -02 .1118 -03 
2.6500 .7870 -01 .3109 -02 .6838 -05 .2072 -02 .9679 -04 
2.7000 .7406 -01 .2811 -02 .5829 -05 .1873 -02 .8405 -04 
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a Trapezoidal Simpson Weddle Gauss 2 pt. Gauss 3 pt. 

2.7500 .6979 -01 .2547 -02 .4990 -05 .1697 -02 .7321 -04 
2.8000 .6584 -01 .2315 -02 .4288 -05 .1541 -02 .6395 -04 
2.8500 .6219 -01 .2104 -02 .3699 -05 .1402 -02 .5602 -04 
2.9000 .5881 -01 .1917 -02 .3203 -05 .1278 -02 .4920 -04 
2.9500 .5568 -01 .1751 -02 .2783 -05 .1167 -02 .4331 -04 
3.0000 .5277 -01 .1601 -02 .2425 -05 .1067 -02 .3823 -04 
3.0500 .5006 -01 .1467 -02 .2120 -05 .9776 -03 .3382 -04 
3.1000 .4754 -01 .1346 -02 .1859 -05 .8971 -03 .2998 -04 
3.1500 .4518 -01 .1237 -02 .1635 -05 .8244 -03 .2664 -04 
3.2000 .4298 -01 .1138 -02 .1442 -05 .7588 -03 .2372 -04 
3.2500 .4093 -01 .1049 -02 .1275 -05 .6994 -03 .2116 -04 
3.3000 .3900 -01 .9684 -03 .1130 -05 .6455 -03 .1891 -04 
3.3500 .3719 -01 .8950 -03 .1004 -05 .5966 -03 .1694 -04 
3.4000 .3550 -01 .8282 -03 .8937 -06 .5520 -03 .1519 -04 
3.4500 .3391 -01 .7673 -03 .7975 -06 .5115 -03 .1365 -04 
3.5000 .3241 -01 .7118 -03 .7132 -06 .4745 -03 .1229 -04 
3.5500 .3100 -01 .6610 -03 .6391 -06 .4406 -03 .1108 -04 
3.6000 .2967 -01 .6146 -03 .5738 -06 .4097 -03 .1001 -04 
3.6500 .2842 -01 .5720 -03 .5161 -06 .3813 -03 .9051 -05 
3.7000 .2724 -01 .5330 -03 e4651 -06 .3553 -03 .8198 -05 
3.7500 .2612 -01 .4971 -03 .4198 -06 .3314 -03 .7436 -05 
3.8000 .2507 -01 .4641 -03 .3796 -06 .3094 -03 .6755 -05 
3.8500 .2407 -01 .4337 -03 .3438 -06 .2891 -03 .6144 -05 
3.9000 .2312 -01 .4057 -03 .3118 -06 .2704 -03 .5595 -05 
3.9500 .2223 -01 ,3798 -03 .2833 -06 .2532 -03 .5102 -05 
4.0000 .2137 -01 .3559 -03 .2577 -06 .2373 -03 .4659 -05 
4.0500 .2057 -01 .3338 -03 .2348 -06 .2225 -03 .4259 -05 
4.1000 .1980 -01 .3134 -03 .2142 -06 .2089 -03 .3898 -05 
4.1500 .1907 -01 .2944 -03 .1957 -06 .1962 -03 .3571 -05 
4.2000 .1838 -01 .2768 -03 .1790 -06 .1845 -03 .3276 -05 
4.2500 .1772 -01 .2604 -03 .1639 -06 .1736 -03 .3008 -05 
4.3000 .1709 -01 .2452 -03 .1503 -06 .1635 -03 .2765 -05 
4.3500 .1649 -01 .2311 -03 .1379 -06 .1540 -03 _2544 -05 
4.4000 .1592 -01 .2179 -03 .1268 -06 .1453 -03 .2344 -05 
4.4500 .1537 -01 .2056 -03 .1166 -06 .1371 -03 .2161 -05 
4.5000 .1485 -01 .1942 -03 .1074 -06 .1294 -03 .1994 -05 
4.5500 .1436 -01 .1835 -03 .9903 -07 .1223 -03 .1842 -05 

4.6000 .1388 -01 .1735 -03 .9139 -07 .1156 -03 .1703 -05 

4.6500 .1343 -01 .1641 -03 .8443 -07 .1094 -03 .1576 -05 

4.7000 .1300 -01 .1554 -03 .7807 -07 .1036 -03 .1460 -05 

4.7500 .1258 -01 .1472 -03 .7226 -07 .9813 -04 .1353 -05 
4.8000 .1218 -01 .1395 -03 .6694 -07 .9301 -04 .1256 -05 
4.8500 .1180 -01 .1323 -03 .6207 -07 .8821 -04 .1166 -05 

4.9000 .1144 -01 .1256 -03 .5760 -07 .8371 -04 .1083 -05 

4.9500 .1109 -01 .1192 -03 .5350 -07 .7948 -04 .1008 -05 
5.0000 .1075 -01 .1133 -03 .4973 -07 .7551 -04 .9378 -06 
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a Gauss 4 pt. Gauss 7 pt. Gauss 10 pt. Gauss 13 pt. Gauss 16 pt. 

1.0001 .4218 +02 .3304 +02 .2773 402 .2414 +02 .2147 +-02 
1.0005 .1829 +02 .1394 +02 .1134 402 .9520 +01 .8124 t+01 
1.0010 .1261 +02 .9377 +01 .7395 +01 .5968 +01 .4853 401. 
1.0050 .4958 +01 .3135 +01 .1979 +01 .1224 +01 .7427 400 
1.0100 .3083 +01 .1624 +01 .8197 +00 .3991 +00 .1895 +00 
1.0200 .1725 +01 .6678 +00 .2399 +00 .8246 -01 .2760 -01 
1.0300 .1135 +01 .3408 +00 .9383 -01 .2468 -01 .6318 -02 
1.0400 .8042 +00 .1938 +00 .4262 -01 .8949 -02 .1829 -02 
1.0500 .5954 +00 .1181 +00 .2130 -01 .3669 -02 .6151 -03 
1.1000 .1862 +00 .1713 -01 .1429 -02 .1138 -03 .8815 -05 
1.1500 .7731 -01 .3966 -02 .1843 -03 .8174 -05 .3527 -06 
1.2000 .3719 -01 .1172 -02 .3345 -04 .9109 -06 .2414 -07 
1.2500 .1966 -01 .4053 -03 .7565 -05 .1347 -06 .2335 -08 
1.3000 .1112 -01 .1569 -03 .2003 -05 .2440 -07 .2893 -09 
1.3500 .6625 -02 .6614 -04 .5978 -06 .5156 -08 A4328 -10 
1.4000 .4111 -02 .2986. -04 .1964 -06 .1232 -08 .7525 -11 
1.4500 .2638 -02 .1426 -04 .6977 -07 .3257 -09 .1480 -11 
1.5000 .1742 -02 .7138 -05 .2648 -07 .9374 -10 .3229 -12 
1.5500 .1178 -02 .3720 -05 .1063 -07 .2901 -10 .7700 -13 
1.6000 .8137 -03 .2008 -05 .4486 -08 .9562 -11 .1984. -13 
1.6500 .5726 -03 .1118 -05 .1976 -08 .3332 -11 .5468 -14 
1.7000 .4096 -03 .6397 -06 .9043 -09 .1220 -11 .1601 -14 
1.7500 .2974 -03 e .3752 -06 .4284 -09 .4668 -12 .4949 -15 
1. 8000 .2188 -03 .2249 -06 .2093 -09 .1859 -12 .1606 -15 
1.8500 .1629 -03 .1376 -06 .1052 -09 .7676 -13 .5450 -16 
1,9000 .1227 -03 .8576 -07 .5427 -10 .3277 -13 .1925 -16 
1.9500 .9330 -04 .5436 -07 .2866 -10 .1442 -13 .7060 -17 
2.0000 .7164 -04 .3499 -07 .1547 -10 .6526 -14 .2679 -17 
2.0500 .5548 -04 .2285 -07 .8521 -11 .3032 -14 c1050 -17 
2.1000 .4331 -04 .1513 -07 .4782 -11 .1443 -14 .4235 -18 
2.1500 .3407 -04 .1014 -07 .2732 -11 .7022 -15 .1756 -18 
2;2000 .2699 -04 .6877 -08 .1586 -11 .3490 -15 .7475 -19 
2.2500 .2152 -04 .4716 -08 .9351 -12 .1770 -15 .3259 -19 
2.3000 .1727 -04 .3267 -08 .5594 -12 .9140 -16 .1453 -19 
2.3500 .1394 -04 .2285 -08 .3392 -12 .4804 -16 .6621 -20 
2.4000 .1131 -04 .1613 -08 .2083 -12 .2567 -16 .3078 -20 
2.4500 .9224 -05 .1149 -08 .1295 -12 .1393 -16 o1458 -20 
2.5000 .7561 -05 .8249 -09 .8145 -13 .7674 -17 .7037 -21 
2.5500 .6227 -05 .5969 -09 .5178 -13 .4287 -17 .3454 -21 
2.6000 .5151 -05 .4351 -09 .3327 -13 .2427 -17 .1723 -21, 
2.6500 .4280 -05 .3195 -09 .2158 -13 .1391 -17 e8730 -22 
2.7000 .3570 -05 .2361 -09 e1414 -13 .8075 -18 .4489 -22 
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a Gauss 4 pt. Gauss 7 pt. Gauss 10 pt. Gauss 13 pt. Gauss 16 pt. 

2.7500 .2989 -05 .1756 -09 .9341 -14 .4741 -18 .2341 -22 

2.8000 .2512 -05 . 1315 -09 .6226 -14 .2814 -18 .1238 -22 
2.8500 .2119 -05 .9897 -10 .4184 -14 .1688 -18 .6628 -23 
2.9000 .1793 -05 .7493 -10 .2834 -14 .1023 -18 .3594 -23 
2.9500 .1522 -05 .5704 -10 .1934 -14 .6261 -19 .1972 -23 
3.0000 .1296 -05 .4364 -10 .1330 -14 .3867 -19 .1094 -23 
3.0500 .1107 -05 .3356 -10 .9206 -15 '.2410 -19 .6139 -24 
3.1000 .9485 -06 .2593 -10 .6416 -15 .1515 -19 .3481 -24 
3.1500 .8147 -06 .2013 -10 .4500 -15 .9601 -20 .1993 -24 
3.2000 .7017 -06 .1569 -1Q .3176 -15 .6134 -20 .1153 -24 
3.2500 .6059 -06 .1229 -10 .2255 -15 .3949 -20 .6731 -25 
3.3000 .5245 -06 .9661 -11 .1610 -15 .2562 -20 .3965 -25 
3.3500 .4551 -06 .7626 -11 .1156 -15 .1674 -20 .2357 -25 
3.4000 .3958 -06 .6043 -11 .8349 -16 .1101 -20 .1413 -25 
3.4500 .3450 -06 .4806 -11 .6060 -16 .7290 -21 .8536 -26 
3.5000 .3014 -06 .3836 -11 .4420 -16 .4659 -21 .5199 -26 

)3.5500 .2638 -06 .3073 -11 .3240 -16 .3259 -21 .3191 -26 
3.6000 .2314 -06 .2470 -11 .2386 -16 .2199 -21 .1973 -26 
3.6500 .2034 -06 .1991 -11 .1765 -16 .1493 -21 .1229 -26 
3.7000 .1791 -06 . 1611 -11 .1312 -16 .1019 -21 .7706 -27 
3.7500 .1579 -06 .1307 -11 .9789 -17 .6996 -22 .4865 -27 
3.8000 .1396 -06 .1064 -11 .7336 -17 .4828 -22 .3092 -27 
3.8500 .1236 -06 .8681 -12 .5520 -17 .3349 -22 .1978 -27 
3.9000 .1096 -06 .7105 -12 .4170 -17 .2335 -22 .1273 -27 
3.9500 .9732 -07 .5831 -12 .3162 -17 .1636 -22 .8240 -28 

4.0000 .8658 -07 .4798 -12 .2407 -17 .1152 -22 .5366 -28 
4.0500 .7714 -07 .3959 -12 .1839 -17 .8149 -23 .3515 -28 

4.1000 .6883 -07 .3274 -12 .1409 -17 .5790 -23 .2315 -28 
4.1500 .6151 -07 .2715 -12 .1084 -17 .4132 -23 .1533 -28 
4.2000 .5505 -07 .2256 -12 .8368 -18 .2962 -23 .1020 -28 
4.2500 .4933 -07 .1879 -12 .6479 -18 .2132 -23 .6824 -29 
4.3000 .4427 -07 .1569 -12 .5033 -18 .1540 -23 .4588 -29 
4.3500 .3978 -07 .1313 -12 .3921 -18 .1118 -23 .3100 -29 
4.4000 .3579 -07 .1101 -12 .3065 -18 .8141 -24 .2104 -29 
4.4500 .3224 -07 .9251 -13 .2402 -18 .5952 -24 .1435 -29 
4.5000 .2908 -07 .7789 -13 .1888 -18 .4367 -24 .9831 -30 

4.5500 .2626 -07 .6572 -13 .1488 -18 .3216 -24 .6764 -30 

4.6000 .2375 -07 5556 -13 .1176 -18 .2377 -24 .4674 -20 
4.6500 .2149 -07 .4705 -13 .9323 -19 .1763 -24 .3243 -30 
4.7000 .1948 -07 .3993 -13 .7408 -19 .1312 -24 .2260 -30 

4.7500 .1767 -07 .3394 -13 .5901 -19 .9792 -25 .158'. -30 

4.8000 .1604 -07 .2891 -13 .4713 -19 .7333 -25 .1110 -30 
4.8500 .1459 -07 .2466 -13 .3773 -19 .5509 -25 .7827 -31 

4.9000 .1327 -07 .2107 -13 .3028 -19 .4151 -25 .5539 -331 
4.9500 .1209 -07 .1804 -13 .2435 -19 .3138 -25 .3934 -31 

5.0000 .1102 -07 .1546 -13 .1963 -19 .2379 -25 .2804 -31 


